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By employing the perturbative QCD(pQCD) factorization approach, we calculate the
branching ratios and CP violating asymmetries of the four B¯0s → Kpi and KK decays,
with the inclusion of all known next-to-leading order (NLO) contributions. We find nu-
merically that (a) the NLO contribution can interfere with the LO part constructively or
destructively for different decay modes; (b) the NLO contribution leads to a 22% decrease
for Br(B¯0s → K+pi−), but ∼ 50% enhancements to other three considered B¯s decays, and
therefore play an important role in interpreting the measured values of the branching ratios;
and (c) for both B¯0s → K+pi− and B¯0s → K+K− decays, the NLO pQCD predictions for
the direct and mixing induced CP-violating asymmetries agree very well with the measured
values in both the sign and the magnitude.
I. INTRODUCTION
The B and Bs decays are very interesting phenomenologically for the precision test of the
standard model (SM) and for the searches for the signal of the new physics beyond the SM. But
the Bs decays are considerably less studied than the well-known Bu,d decays due to the rapid
oscillations of Bs mesons and the shortage of Bs events collected. Since the start of the LHC
running, a lot of B0s events have been collected by LHCb collaboration, and some B0s → PP
decays are already observed [1, 2]: such as the first observation of the direct CP violation in Bs
decays [1]:
ACP (B0s → K−π+) = (0.27± 0.04(stat)± 0.01(syst)), (1)
and the first measurement of the time-dependent CP violation in B0s → K+K− [2]:
CKK = 0.14± 0.11(stat)± 0.03(syst),
SKK = 0.30± 0.12(stat)± 0.04(syst). (2)
During the past decade, in fact, many charmless two-body hadronic B0s →M2M3 decays have
been studied by employing the pQCD factorization approach at the LO level [3–5] or the partial
NLO level [6]. In this paper we calculate the branching ratios and CP violating asymmetries of the
B0s → Kπ and KK decays by employing the pQCD factorization approach, with the inclusion of
all known NLO contributions. These decay modes have also been studied, for example, by using
the pQCD approach at the LO level in Ref. [5], the generalized factorization in Ref. [7] or by using
the QCD factorization approach in Ref. [8–10].
In the pQCD factorization approach, almost all NLO contributions to Bu,d → M2M3 decays
have been calculated up to now. And it is straightforward to extend these calculations to the cases
for the similar Bs → M2M3 decays. The NLO pQCD predictions for those considered decay
modes proved that the NLO contributions can play an important role in understanding the very
large Br(B → Kη′) [11, 12] or the so-called “Kπ-puzzle” [13]. We here focus on the studies
2for the possible effects of the NLO contributions from various sources: such as the QCD vertex
corrections (VC), the quark-loops (QL) and the chromo-magnetic penguins (CMP) [8, 14]. The
newly known NLO twist-2 contribution [15] and NLO twist-3 contribution to the relevant form
factors [16] will also be taken into account here. By this way, one can improve the reliability of
the pQCD factorization approach effectively.
This paper is organized as follows. In Sec. II, we give a brief review about the pQCD factoriza-
tion approach and present the LO decay amplitudes for the studied decay modes. In Sec. III, the
NLO contributions from different sources are evaluated analytically. We calculate and show the
pQCD predictions for the branching ratios and CP violating asymmetries of B0s → Kπ and KK
decays in Sec. IV. The summary and some discussions are included in the final section.
II. THEORETICAL FRAMEWORK AND LO DECAY AMPLITUDES
A. Outlines of the pQCD approach
We consider the B meson at rest for simplicity. Using the light-cone coordinates, we define
the B0s meson with momentum P1, the emitted meson M2 with momentum P2 moving along the
direction of n = (1, 0, 0T) and the recoiled meson M3 with momentum P3 in the direction of
v = (0, 1, 0T). Here we also use xi to denote the momentum fraction of anti-quark in each meson:
P1 =
mBs√
2
(1, 1, 0T), P2 =
mBs√
2
(1− r23, r22, 0T), P3 =
mBs√
2
(r23, 1− r22, 0T), (3)
k1 =
mBs√
2
(x1, 0,k1T) , k2 =
mBs√
2
(
x2(1− r23), x2r22,k2T
)
,
k3 =
mBs√
2
(
x3r
2
3, x3(1− r22),k3T
)
, (4)
where ri = mi/mBs with mi = mπ or mK here. When the light pion and kaon are the final state
mesons, r2i < 0.01 and can be neglected safely. The integration over the small components k−1 ,
k−2 , and k+3 will lead conceptually to the decay amplitudes,
A(Bs → M2M3) ∼
∫
dx1dx2dx3b1db1b2db2b3db3
·Tr [C(t)ΦBs(x1, b1)ΦM2(x2, b2)ΦM3(x3, b3)H(xi, bi, t)St(xi) e−S(t)] , (5)
where bi is the conjugate space coordinate of kiT . In the above equation, C(t) is the Wilson coef-
ficient evaluated at scale t. The functions ΦBs , ΦM2 and ΦM3 are the wave functions of the initial
Bs meson and the final-state meson M2 and M3 respectively. The hard kernel H(k1, k2, k3, t) de-
scribes the four-quark operator and the spectator quark connected by a hard gluon whose q2 is in
the order of Λ¯mBs . The jet function St(xi) in Eq.(5) is one of the two kinds of Sudakov form
factors relevant for the Bs decays considered, which come from the threshold resummation over
the large double logarithms (ln2 xi) in the end-point region. The function e−S(t) is the second kind
of the Sudakov form factors. The Sudakov form factors suppress effectively the soft dynamics at
the end-point region [17].
For the studied B¯0s → Kπ,KK decays, the corresponding weak effective Hamiltonian can be
written as [18]
Heff = GF√
2
{
VubV
∗
uq
[
C1(µ)O
u
1 (µ) + C2(µ)O
u
2 (µ)
]
− VtbV ∗tq
[ 10∑
i=3
Ci(µ)Oi(µ)
]}
+ h.c., (6)
3where q = d, s, GF = 1.16639 × 10−5GeV −2 is the Fermi constant, and Vij is the Cabbibo-
Kobayashi-Maskawa (CKM) matrix element, Ci(µ) are the Wilson coefficients evaluated at the
renormalization scale µ and Oi(µ) are the four-fermion operators.
As usual, we treat the B meson as a very good heavy-light system, and adopt the distribution
amplitude φBs as in Ref. [5]
φBs(x, b) = NBsx
2(1− x)2exp
[
−M
2
Bs
x2
2ω2b
− 1
2
(ωbb)
2
]
, (7)
where the shape parameter ωb is a free parameter and we take ωb = 0.5± 0.05 GeV for Bs meson
based on studies of lattice QCD and light-cone sum rule[17], and finally the normalization factor
NBs depends on the values of ωb and the decay constant fBs and defined through the normalization
relation
∫ 1
0
dx φBs(x, 0) = fBs/(2
√
6).
For the light pseudo-scalar mesons π and K, their wave functions are the same in form and can
be defined as [19]
Φ(P, x, ζ) ≡ 1√
2NC
γ5
[
P/φA(x) +m0φ
P (x) + ζm0(n/v/− 1)φTP (x)
]
, (8)
where P and x are the momentum of the light meson and the momentum fraction of the quark (or
anti-quark) inside the meson, respectively. When the momentum fraction of the quark (anti-quark)
is set to be x, the parameter ζ should be chosen as +1 (−1). The distribution amplitudes (DA’s) of
the light meson M = (π,K) are adopted from Ref. [19, 20]:
φAM(x) =
3fM√
6
x(1− x)
[
1 + aM1 C
3/2
1 (t) + a
M
2 C
3/2
2 (t)
]
, (9)
φPM(x) =
fM
2
√
6
[
1 +
(
30η3 − 5
2
ρ2M
)
C
1/2
2 (t)
]
, (10)
φTM(x) =
fM(1− 2x)
2
√
6
[
1 + 6
(
5η3 − 1
2
η3ω3 − 7
20
ρ2M −
3
5
ρ2Ma
M
2
)(
1− 10x+ 10x2)] , (11)
with the mass ratio ρM = (mπ/mπ0 , mK/mK0 ) for M = (π,K) respectively [11, 14]. The Gegen-
bauer moments aMi and other input parameters are the same as in Ref. [5]:
aπ1 = 0, a
π
2 = 0.44
+0.10
−0.20, a
K
1 = 0.17± 0.05, aK2 = 0.20± 0.06,
η3 = 0.015, ω3 = −3.0. (12)
The Gegenbauer polynomials Cνn(t) in Eqs. (9-11) can be found easily in Refs. [5, 12]. For
more details about recent progress on the wave functions of heavy and light mesons, one can
see Ref. [21] and references therein.
B. Decay amplitudes at leading order
The four B¯0s → (K+π−, K0π0, K+K−, K
0
K0) decays have been studied previously in Ref. [5]
by employing the pQCD factorization approach at leading order. The decay amplitudes as pre-
sented in Ref.[5] are confirmed by our recalculation. In this paper, we focus on the calculations
of the NLO contributions to these decays. At the leading order, the relevant Feynman diagrams
which may contribute to the B0s → Kπ,KK decays are illustrated in Fig. 1. For the sake of
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FIG. 1. Typical Feynman diagrams which may contribute at leading order to B¯0s → Kpi,KK decays.
completeness, however, we firstly show the relevant LO decay amplitudes in this section based on
our own analytical calculations.
A(B¯0s → K+π−) = VubV ∗ud · [fπFeK a1 +MeK C1]− VtbV ∗td ·
{
fπFeK (a4 + a10)
+fπF
P2
eK (a6 + a8) +MeK (C3 + C9) + fBsFaK
(
a4 − 1
2
a10
)
+fBsF
P2
aK
(
a6 − 1
2
a8
)
+MaK
(
C3 − 1
2
C9
)
+MP1aK
(
C5 − 1
2
C7
)}
, (13)
√
2A(B¯0s → K0π0) = VubV ∗ud · [fπFeKa2 +MeKC2]− VtbV ∗td ·
{
−fBsFaK
(
a4 − 1
2
a10
)
− (fπF P2eK + fBsF P2aK)
(
a6 − 1
2
a8
)
+MeK
(
−C3 + 3
2
C8 +
1
2
C9 +
3
2
C10
)
+fπFeK
(
−a4 − 3
2
a7 +
3
2
a9 +
1
2
a10
)
−MaK
(
C3 − 1
2
C9
)
−MP1aK
(
C5 − 1
2
C7
)}
,(14)
A(B¯0s → K+K−) = VubV ∗us · [fkFeKa1 +MeKC1 +MaKC2]− VtbV ∗ts ·
{
fkFeK (a4 + a10)
+fkF
P2
eK (a6 + a8) +MeK (C3 + C9) +M
P1
eK (C5 + C7) + fBsF
P2
aK
(
a6 − 1
2
a8
)
+MaK
(
C3 + C4 − 1
2
C9 − 1
2
C10
)
+MP1aK
(
C5 − 1
2
C7
)
MP2aK
(
C6 − 1
2
C8
)
+
[
MaK (C4 + C10) +M
P2
aK (C6 + C8)
]
K+↔K−
}
, (15)
A(B¯0s → K¯0K0) = −VtbV ∗ts ·
{
fkFeK
(
a4 − 1
2
a10
)
+
(
fkF
P2
eK + fBsF
P2
aK
)(
a6 − 1
2
a8
)
+MeK
(
C3 − 1
2
C9
)
+
(
MP1eK +M
P1
aK
)(
C5 − 1
2
C7
)
+MaK
(
C3 + C4 − 1
2
C9 − 1
2
C10
)
+MaK
(
C4 − 1
2
C10
)
K0↔K¯0
+
[
MP2aK
(
C6 − 1
2
C8
)
+ [K0 ↔ K¯0]
]}
, (16)
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FIG. 2. Feynman diagrams for NLO contributions: the vertex corrections (a-d); the quark-loop (e-f) and the
chromo-magnetic penguin contributions (g-h).
where ai is the combination of the Wilson coefficients Ci the same as in Ref. [5]. The nine individ-
ual decay amplitudes, such as FeK and F P2eK appeared in Eqs. (13-16), are obtained by evaluating
the corresponding Feynman diagrams in Fig. 1 analytically. One can find the expressions for all
these decay amplitudes easily in Ref. [5].
III. NEXT-TO-LEADING ORDER CONTRIBUTIONS
A. NLO contributions from different sources
For the considered decay modes, one should, firstly, use the NLO Wilson coefficients Ci(MW ),
the NLO RG evolution matrix U(t,m, α) [18] and the αs(t) at two-loop level in numerical calcu-
lations. Secondly, one should take all the Feynman diagrams which lead to the decay amplitudes
proportional to α2s(t) in the analytical evaluations. Such Feynman diagrams can be grouped into
following classes:
1. The vertex corrections, as illustrated in Figs. 2a-2d, the same set as in the QCDF approach.
2. The NLO contributions from quark-loops [14] and the chromo-magnetic penguin operator
O8g [22],, as illustrated in Figs. 2e-2h.
3. The NLO contributions to the form factors of B → K transitions [15, 16], coming from the
Feynman diagrams in Fig. 3.
4. The NLO corrections to the LO hard spectator diagrams and annihilation diagrams, as illus-
trated in Fig. 5 of Ref.[12].
At present, only the calculations for the NLO corrections to the LO hard spectator and annihila-
tion diagrams have not been completed yet. But from the comparative studies of the LO and NLO
contributions from different sources in Ref. [12, 13], we believe that those still unknown NLO
contributions in the framework of the pQCD factorization approach, as the high order corrections
to small LO contributions, are most possibly very small in size and could be neglected safely.
The vertex corrections to the factorizable emission diagrams, as illustrated by Figs. 2a-2d, have
been calculated years ago in the QCD factorization approach [8, 23]. For B0s → Kπ,KK decays,
the vertex corrections can be calculated without considering the transverse momentum effects of
the quark at the end-point [14], one can use the vertex corrections as given in Ref. [8] directly.
The vertex corrections can then be absorbed into the re-definition of the Wilson coefficients ai(µ)
6Bs
π,K
K
FIG. 3. The four typical Feynman diagrams, which contribute to the form factors of B →M3 transitions at
NLO level.
by adding a vertex-function Vi(M) to them. The expressions of the vertex functions Vi(M) can be
found easily in Refs. [8, 14].
The contribution from the so-called “quark-loops” is a kind of penguin correction with the four
quark operators insertion, as illustrated by Fig. 2e and 2f. For the b → s transition, the effective
Hamiltonian Hqleff which describes the contributions from the quark loops can be written as [14]
H
(QL)
eff = −
∑
q=u,c,t
∑
q′
GF√
2
VqbV
∗
qs
αs(µ)
2π
C(q)(µ, l2) (s¯γρ (1− γ5)T ab) (q¯′γρT aq′) , (17)
where l2 is the invariant mass of the gluon, as illustrated by Fig.2e. The expressions of the func-
tions C(q)(µ, l2) for the loop of the q(q = u, d, s, c, t) quark can be found for example in Ref. [14].
The magnetic penguin is another kind penguin correction induced by the insertion of the oper-
ator O8g, as illustrated by Fig.2g and 2h. The corresponding weak effective Hamiltonian contains
the b→ sg transition can be written as
HMPeff = −
GF√
2
VtbV
∗
ts C
eff
8g O8g, (18)
where O8g is the chromo-magnetic penguin operator [18, 22] and Ceff8g is the corresponding effec-
tive Wilson coefficient: Ceff8g = C8g + C5 [14].
In Refs. [15, 16], the authors calculated the NLO twist-2 and twist-3 contributions to the form
factors f+,0(q2) of the B → π transition. The NLO pQCD prediction for the form factor f+(q2),
for example, is of the form [16]
f+(q2)|NLO = 8πm2BCF
∫
dx1dx2
∫
b1db1b2db2φB(x1, b1)
×
{
rπ
[
φPπ (x2)− φTπ (x2)
] · αs(t1) · e−SBpi(t1) · St(x2) · h(x1, x2, b1, b2)
+
[
(1 + x2η)
(
1 + F
(1)
T2 (xi, µ, µf , q
2)
)
φAπ (x2) + 2rπ
(
1
η
− x2
)
φTπ (x2)
−2x2rπφPπ (x2)
]
· αs(t1) · e−SBpi(t1) · St(x2) · h(x1, x2, b1, b2)
+2rπφ
P
π (x2)
(
1 + F
(1)
T3 (xi, µ, µf , q
2)
)
·αs(t2) · e−SBpi(t2) · St(x2) · h(x2, x1, b2, b1)
}
, (19)
where η = 1− q2/m2B with q2 = (PB − Pπ)2, µ (µf ) is the renormalization (factorization ) scale,
the hard scale t1,2 are chosen as the largest scale of the propagators in the hard b-quark decay
diagrams [15, 16], the function St(x2) is the threshold resummation factor adopted from Ref. [24],
7the expressions of the hard function h(xi, bj) can be found in Ref. [15, 16], and finally the fac-
tor F (1)T2 (xi, µ, µf , q
2) and F (1)T3 (xi, µ, µf , q2) describe the NLO twist-2 and twist-3 contribution to
f+,0(q2) of the B → π transition respectively [15, 16]:
F
(1)
T2 (xi, µ, µf , q
2) =
αs(µf)CF
4π
[
21
4
ln
µ2
m2B
− (13
2
+ ln r1) ln
µ2f
m2B
+
7
16
ln2 (x1x2) +
1
8
ln2 x1
+
1
4
ln x1 ln x2 +
(
−1
4
+ 2 ln r1 +
7
8
ln η
)
lnx1 +
(
−3
2
+
7
8
ln η
)
ln x2
+
15
4
ln η − 7
16
ln2 η +
3
2
ln2 r1 − ln r1 + 101π
2
48
+
219
16
]
, (20)
F
(1)
T3 (xi, µ, µf , q
2) =
αs(µf)CF
4π
[
21
4
ln
µ2
m2B
− 1
2
(6 + ln r1) ln
µ2f
m2B
+
7
16
ln2 x1 − 3
8
ln2 x2
+
9
8
ln x1 ln x2 +
(
−29
8
+ ln r1 +
15
8
ln η
)
ln x1 +
(
−25
16
+ ln r2 +
9
8
ln η
)
ln x2
+
1
2
ln r1 − 1
4
ln2 r1 + ln r2 − 9
8
ln η − 1
8
ln2 η +
37π2
32
+
91
32
]
, (21)
where ri = m2B/ξ2i with the choice of ξ1 = 25mB[15]. According to the analytical and numerical
evaluations in Ref. [16], we get to know that the NLO twist-2 and NLO twist-3 contribution to
the form factor of B → π transition are similar in size but have an opposite sign, which leads
to a strong cancelation between them and consequently results in a small total NLO contribution,
∼ 7% variation to the full LO pQCD prediction for the case of f+(q2) in the range of 0 ≤ q2 ≤ 12
GeV2, as illustrated explicitly in Fig. 8 of Ref. [16].
In this paper we adopt the above NLO factors F (1)T2 (xi, µ, µf , q2) and F
(1)
T3 (xi, µ, µf , q
2) directly,
and then extend the expressions to the case for B → K transition under the assumption of SU(3)
flavor symmetry, by making the proper replacements, such as rπ = mπ/mB → rk = mk/mBs ,
mB → mBs and φA,P,Tπ → φA,P,TK , for the expressions as given in Eqs. (20,21).
B. NLO decay amplitudes
For the sake of comparison and convenience we denote all currently known NLO contributions
except for those NLO twist-2 and twist-3 contributions to the form factors by the label “Set-A”, as
described in previous subsection. For the four considered B0s → Kπ,KK decays, the Set-A NLO
contributions will be included in a simple way:
AKπ → AKπ +
∑
q=u,c,t
VqbV
∗
qd M(QL)K+π− + VtbV ∗td M(MP )K+π−, (22)
AKK → AKK +
∑
q=u,c,t
VqbV
∗
qs M(QL)K+K− + VtbV ∗ts M(MP )K+K−, (23)
8where the quark-loop and magnetic penguin amplitudesM(QL)XY and M(MP )XY are of the form
M(QL)K+π− = −8m4Bs
C2F√
6
∫ 1
0
dx1dx2dx3
∫ ∞
0
b1db1b3db3 φBs(x1)
×
{[
(1 + x3)φ
A
π (x2)φ
A
K(x3) + rK(1− 2x3)φAπ (x2)(φPK(x3) + φTK(x3))
+2rπφ
P
π (x2)φ
A
K(x3)
]
· α2s(ta) · he(x1, x3, b1, b3) · exp[−Sab(ta)] · C(q)(ta, l2)
+2rKφ
A
π (x2)φ
P
K(x3) · α2s(tb) · he(x3, x1, b3, b1) exp[−Sab(tb)] · C(q)(tb, l′2)
}
, (24)
M(MP )K+π− = −16m6Bs
C2F√
6
∫ 1
0
dx1dx2dx3
∫ ∞
0
b1db1b2db2b3db3 φBs(x1)
·
{[
(1− x3)φAπ (x2)
[
2φAK(x3) + rK(3 + x3)φ
P
K(x3) + rK(1− x3)φTK(x3)
]
−rπx2(1 + x3)
(
3φPπ (x2)− φTπ (x2)
)
φAK(x3)
]
·α2s(ta) · hg(xi, , bi) · exp[−Scd(ta)] · Ceff8g (ta)
+4rKφ
A
π (x2)φ
P
K(x3) · α2s(tb)h′g(xi, bi) · exp[−Scd(tb)] · Ceff8g (tb)
}
, (25)
√
2M(QL)K0π0 =M(QL)π−K+,
√
2M(MP )K0π0 =M(MP )π−K+, (26)
M(QL)K+K− = −8m4Bs
C2F√
6
∫ 1
0
dx1dx2dx3
∫ ∞
0
b1db1b3db3 φBs(x1)
×
{[
(1 + x3)φ
A
K(x2)φ
A
K(x3) + rK(1− 2x3)φAK(x2)
(
φPK(x3) + φ
T
K(x3)
)
+2rkφ
P
K(x2)φ
A
K(x3)
]
· α2s(ta) · he(x1, x3, b1, b3) · exp[−Sab(ta)] · C(q)(ta, l2)
+2rKφ
A
k (x2)φ
P
K(x3) · α2s(tb) · he(x3, x1, b3, b1) · exp[−Sab(tb)] · C(q)(tb, l′2)
}
, (27)
M(MP )K+K− = −16m6Bs
C2F√
6
∫ 1
0
dx1dx2dx3
∫ ∞
0
b1db1b2db2b3db3 φBs(x1)
·
{[
(1− x3)
[
2φAK(x3) + rK(3φ
P
K(x3) + φ
T
K(x3)) + rKx3(φ
P
K(x3)− φTK(x3))
]
φAK(x2)
−rKx2(1 + x3)
(
3φPK(x2)− φTK(x2)
)
φAK(x3)
]
·α2s(ta) · hg(xi, bi) · exp[−Scd(ta)] · Ceff8g (ta)
+4rKφ
A
K(x2)φ
P
K(x3) · α2s(tb) · h′g(xi, bi) · exp[−Scd(tb)] · Ceff8g (tb)
}
, (28)
M(QL)
K¯0K0
=M(QL)K+K−, M(MP )K¯0K0 =M
(MP )
K+K−, (29)
9where the terms proportional to rπrK or r2K are not shown for the sake of simplicity. The functions
he, hg and h′g, the hard scales ta and tb, as well as the Sudakov factors Sab(t) and Scd(t) in Eqs.(24-
28) will be given in Appendix A.
IV. NUMERICAL RESULTS
In the numerical calculations the following input parameters will be used.
Λ
(5)
MS
= 0.225GeV, fBs = (0.23± 0.02)GeV, fK = 0.16GeV, fπ = 0.13GeV,
MBs = 5.37GeV, mK = 0.494GeV, m
π
0 = 1.4GeV, m
K
0 = 1.9GeV,
τB0s = 1.497ps, mb = 4.8GeV, MW = 80.42GeV. (30)
For the CKM matrix elements, we also take the same values as being used in Ref. [5], and neglect
the small errors on Vud, Vus, Vts and Vtb
|Vud| = 0.974, |Vus| = 0.226, |Vub| =
(
3.68+0.11−0.08
)× 10−3,
|Vtd| =
(
8.20+0.59−0.27
)× 10−3, |Vts| = 40.96× 10−3, |Vtb| = 1.0,
α = (99+4−9.4)
◦, γ = (59.0+9.7−3.7)
◦, arg [−VtsV ∗tb] = 1◦. (31)
A. Branching Ratios
For the considered B0s decays, the decay amplitude for a given decay mode with b → d, s
transitions can be generally written as
A(B¯0s → f)|b→d = VubV ∗udT − VtbV ∗tdP = VubV ∗udT
[
1 + zei(−α+δ)
]
, (32)
A(B¯0s → f)|b→s = VubV ∗usT ′ − VtbV ∗tsP ′ = VubV ∗usT ′
[
1 + z′ei(γ+δ
′)
]
, (33)
where α and γ are the weak phase ( the CKM angles ), δ = arg[P/T ] and δ′ = arg[P ′/T ′] are the
relative strong phase between the tree (T) and penguin (P) diagrams, and the parameter “z” is the
ratio of penguin to tree contributions with the definition
z =
∣∣∣∣ VtbV ∗tdVubV ∗ud
∣∣∣∣
∣∣∣∣PT
∣∣∣∣ , z′ =
∣∣∣∣ VtbV ∗tsVubV ∗us
∣∣∣∣
∣∣∣∣P ′T ′
∣∣∣∣ . (34)
The ratio z and the strong phase δ can be calculated in the pQCD approach. The CP-averaged
branching ratio, consequently, can be defined as
Br(B¯0s → f) =
G2F τB0s
32πmB
1
2
[|A(B¯0s → f)|2 + |A(B0s → f¯)|2] , (35)
where τB0s is the lifetime of the B
0
s meson.
In Table I, we list the pQCD predictions for the branching ratios of the four B0s → Kπ,KK
decays. The label “LO” and “NLO” means the pQCD predictions at the leading order and with the
inclusion of all currently known NLO contributions. The label“Set-A” means the pQCD predic-
tions without the inclusion of the newly known NLO twist-2 and twist-3 contributions to the form
factors of B → K transitions. For the sake of comparison, we also show the LO pQCD predic-
tions as given in Ref. [5] in the fourth column, and list the NLO theoretical predictions obtained
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TABLE I. The pQCD predictions for the branching ratios ( in units of 10−6) of the four B0s → Kpi,KK
decays. The label “LO” and “NLO” means the leading order and the full next-to-leading order pQCD
predictions, while “Set-A” means only NLO twist-2 and twist-3 contributions to form factors are not taken
into account. The values listed in the fifth, sixth and seventh column are the LO pQCD predictions [5], the
QCDF predictions [8], and currently available data [25, 26].
Mode Class LO pQCD [5] Set-A NLO QCDF [8] Data
B¯0s → K+pi− T 7.30 7.6+3.3−2.5 6.4 5.7+2.2+0.5+0.2−1.7−0.6−0.3 10.2+6.0−5.2 5.4± 0.6
B¯0s → K0pi0 C 0.19 0.16+0.12−0.07 0.30 0.28+0.10+0.03+0.02−0.06−0.02−0.01 0.49+0.62−0.35
B¯0s → K+K− P 13.1 13.6+8.6−5.2 20.3 19.7+6.2+2.4+0.2−4.8−2.2−0.2 22.7+27.8−13.0 24.5 ± 1.8
B¯0s → K¯0K0 P 13.3 15.6+9.7−6.0 21.2 20.2+6.5+2.4+0.0−4.9−2.2−0.0 24.7+29.4−14.0
by employing the QCD factorization approach as given in Ref. [8] in the seventh column. The
corresponding errors of the previous LO pQCD predictions [5] and the QCDF predictions[8] are
the combined total errors. The currently available experimental measurements [25, 26] are also
shown in the last column of Table I.
The theoretical errors of the NLO pQCD predictions as shown in the sixth column of Table
I are induced by the uncertainties of the input parameters. The first dominant error comes from
ωb = 0.50 ± 0.05 and fBs = 0.23 ± 0.02 GeV, added in quadrature. The second error arises
from the uncertainties of the CKM matrix elements |Vub| and |Vcb|, as well as the CKM angles α
and γ as given in Eq. (31). The third error comes from the uncertainties of relevant Gegenbauer
moments: aK1 = 0.17 ± 0.05, aK2 = 0.20 ± 0.06 and aπ2 = 0.44+0.10−0.20, added in quadrature again.
We here assigned roughly a 30% uncertainty for Gegenbauer moments to estimate the resultant
errors for the pQCD predictions of the branching ratios.
From the numerical results of the branching ratios, we have the following observations:
1. The LO pQCD predictions for the branching ratios as given in Ref. [5] are confirmed by
our independent calculations. The small differences between the values in column three and
four are mainly induced by the different choices of the scales Λ(4)QCD and Λ
(5)
QCD: we take
Λ
(5)
QCD = 0.225 GeV and Λ
(4)
QCD = 0.287 GeV, instead of the values of Λ
(5)
QCD = 0.193 GeV
and Λ(4)QCD = 0.25 GeV as being used in Ref. [5].
2. The NLO contributions can interfere with the LO part constructively or destructively for
different decay modes. The inclusion of NLO contributions can leads to a better agreement
between the theoretical predictions and currently available measured values.
3. The B¯0s → K+π− decay is a “tree” dominated decay mode, the NLO contribution leads to
a 22% decrease to the LO pQCD prediction only. For other three “Color-suppressed” and
”QCD-penguin” decay modes, however, the NLO contribution leads to a ∼ 50% enhance-
ment to the LO ones, which in turn play an important role in interpreting the observed large
branching ratio Br(B0s → K+K−) = (24.5± 1.8)× 10−6 [25, 26].
B. CP-violating asymmetries
Now we turn to the evaluations of the CP-violating asymmetries of the considered four B0s
decays in the pQCD approach. For B0s → K∓π± decays, the definition for its direct CP violating
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TABLE II. The same format as in Table I, but for the pQCD predictions (in unit of 10−2 ) for the direct
CP asymmetries Af . The previous LO pQCD predictions [5], the QCDF predictions [8] and the measured
values [1, 2] are also listed.
Mode Class LO pQCD [5] Set-A NLO QCDF [8] Data
B¯0s → K+pi− T 27.6 24.1+5.6−4.8 36.2 38.7+5.0+2.1+2.2−5.0−1.8−1.8 −6.7+15.6−15.3 27± 4[1]
B¯0s → K0Spi0 C 62.9 59.4+7.9−12.5 84.8 83.0+5.8+3.4+2.3−5.6−2.6−2.7 42+47−56
B¯0s → K+K− P −13.7 −23.3+5.0−4.6 −17.1 −16.4+0.3+0.6+0.6−0.1−0.4−0.6 4.0+10.6−11.6 −14± 12[2]
B¯0s → K¯0K0 P 0 0 −0.7 −0.7± 0.1 0.3± 0.1
asymmetry is very simple[1]. For neutral B0s decays into a CP eigenstate f¯ = ηCPf with ηCP =
±1 for the CP-even and CP-odd final states, the time dependent CP asymmetry can be defined as
[2, 27]
A(t) = ΓB¯0s→f(t)− ΓB0s→f(t)
ΓB¯0s→f(t) + ΓB0s→f(t)
=
Af cos(∆ms t) + Sf sin(∆ms t)
cosh
(
∆Γs
2
t
)
+Hf sinh
(
∆Γs
2
t
) , (36)
where ∆ms and ∆Γs are the mass and width differences of the B0s − B¯0s system mass eigenstates.
The direct CP violating asymmetry Af , the mixing-induced CP violating asymmetry Sf and Hf
are defined as in Refs. [2, 27]:
Af = |λf |
2 − 1
1 + |λf |2 , Sf =
2Imλf
1 + |λf |2 , Hf =
2Reλf
1 + |λf |2 , (37)
where the three factors satisfy the normalization relation: |Af |2 + |Sf |2 + |Hf |2 = 1, and the
CP-violating parameter λf is defined as
λf =
q
p
A¯f
Af
= ηf e
2iǫA(B¯s → f)
A(Bs → f) (38)
where ǫ = arg[−VtsV ∗tb] is very small in size and can be neglected safely. It is worth of mentioning
that the parameter Af and Hf defined in Eqs. (36,37) have opposite sign with the parameter Cf
and A∆Γf as defined in Ref.[2] : i.e., Af = −Cf and Hf = −A∆Γf .
In Table II and III, we list the pQCD predictions (in unit of 10−2) for the direct CP-violating
asymmetry Af , the mixing-induced CP-violating asymmetry Sf and Hf of the considered B0s
decays, respectively. As a comparison, the LO pQCD predictions as given in Ref. [5], the QCDF
predictions as given in Ref. [8, 9] and the measured values [1, 2] are listed in Table II and Table III.
The errors of our NLO pQCD predictions for CP-violating asymmetries are defined in the same
way as those for the branching ratios.
From the pQCD predictions and currently available data for the CP violating asymmetries of the
considered B¯0s decays, we find that (a) the LO pQCD predictions obtained in this paper agree well
with those as given in Ref. [5]; (b) For the CP-violating asymmetries of the considered B¯0s decays,
the effects of the NLO contributions are small or moderate in size; and (c) for B¯0s → K±π∓ and
B¯0s → K+K− decays, the pQCD predictions for both Af and Sf agree well with those measured
values in both the sign and the magnitude.
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TABLE III. The same format as in Table I, but for the pQCD predictions (in unit of 10−2 ) for the mixing-
induced CP asymmetries Sf and Hf (the second row). The previous LO pQCD predictions [5], the QCDF
predictions [9] and the measured values [1, 2] are also listed.
Mode Class LO pQCD [5] Set-A NLO QCDF[9] Data[2]
B¯0s → K0Spi0 C −56.2 −61+24−20 −50.0 −52.9+8.0+4.2+4.7−8.2−4.3−4.4 45
−53.7 −52+23−17 −17.8 −17.4+0.9+2.0+4.8−0.1−1.0−4.1 −
B¯0s → K+K− P 37.1 28+5−5 22.0 20.6+1.9+1.4+0.8−1.8−1.3−0.7 27 30± 13
92.0 93+3−3 96.0 96.5
+0.3+0.1+0.1
−0.4−0.2−0.2 −
B¯0s → K¯0K0 P − 4 −0.2 −0.2 −3.5
100 ∼ 100 ∼ 100 ∼ 100 −
V. SUMMARY
In this paper, we calculated the branching ratios and CP-violating asymmetries of the four
B¯0s → Kπ,KK decays, with the inclusion of all known NLO contributions, especially the NLO
twist-2 and twist-3 contributions to the form factors to Bs → K transition. From our calculations
and phenomenological analysis, we found the following results:
1. For the considered four decays, the NLO contribution can interfere with the LO part con-
structively or destructively for different decay modes. The currently available data can be
interpreted by the inclusion of the NLO contribution.
2. For Br(B¯0s → K+π−), the NLO contribution leads to a 22% decrease to the LO pQCD
prediction. For other three decay modes, however, the NLO contributions can provide ∼
50% enhancements to the LO ones and therefore play an important role in interpreting the
observed large branching ratio Br(B¯0s → K+K−) = (24.5± 1.8)× 10−6.
3. For the CP-violating asymmetries, the effects of the NLO contributions are small or moder-
ate in size. For B¯0s → K+π− and B¯0s → K+K− decays, the pQCD predictions for the direct
and mixing induced CP-violating asymmetries agree very well with the measured values in
both the sign and the magnitude.
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Appendix A: Related hard functions and Sudakov factors
We here list the hard function hi and the Sudakov factors Sab(t) and Scd(t) appeared in the
expressions of the decay amplitudes in Eqs. (24-28). The hard functions hi(xj , bj) are obtained by
making the Fourier transformations of the hard kernel H(0).
he(x1, x3, b1, b3) =
[
θ(b1 − b3)I0 (√x3mBsb3)K0 (
√
x3mBsb1) + θ(b3 − b1)I0 (
√
x3mBsb1)
·K0 (√x3mBsb3)
]
·K0 (√x1x3mBsb1)St(x3), (A1)
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hg(xi, bi) = −iπ
2
St(x3)
[
J0
(√
x2x¯3mBsb2
)
+ iN0
(√
x2x¯3mBsb2
)] ·K0 (√x1x3MBsb1)
·
∫ π/2
0
dθ tan θ · J0 (√x3mBsb1 tan θ) J0 (
√
x3mBsb2 tan θ) · J0 (
√
x3mBsb3 tan θ) , (A2)
h′g(xi, bi) = −St(x1)K0 (
√
x1x3mBsb3) ·
∫ π/2
0
dθ tan θ · J0 (√x1mBsb1 tan θ)
·J0 (√x1mBsb2 tan θ) J0 (
√
x1mBsb3 tan θ)
×
{
iπ
2
[J0 (
√
x2 − x1mBsb2) + iN0 (
√
x2 − x1mBsb2)] , x1 < x2,
K0 (
√
x1 − x2mBsb2) , x1 > x2,
(A3)
with K0, I0 and J0 are the Bessel functions [28]. And the threshold resummation form factor
St(xi) can be found in Ref. [24].
The Sudakov factors appeared in Eqs. (24-28) are defined as
Sab(t) = s
(
x1
mBs√
2
, b1
)
+ s
(
x3
mBs√
2
, b3
)
+ s
(
x¯3
mBs√
2
, b3
)
+
5
3
∫ t
1/b1
dµ
γq(αs(µ))
µ
+ 2
∫ t
1/b3
dµ
γq(αs(µ))
µ
, (A4)
Scd(t) = s
(
x1
mBs√
2
, b1
)
+ s
(
x2
mBs√
2
, b2
)
+ s
(
x¯2
mBs√
2
, b2
)
+ s
(
x3
mBs√
2
, b1
)
+s
(
x¯3
mBs√
2
, b1
)
+
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3
∫ t
1/b1
dµ
γq(αs(µ))
µ
+ 2
∫ t
1/b2
dµ
γq(αs(µ))
µ
, (A5)
where x¯i = 1 − xi, the function s(Q, b) can be found in Refs. [29, 30]. The hard scales ta and tb
appeared in Eqs. (24-28) take the form of
ta = max
{√
x1x3mBs ,
√
x3mBs ,
√
x2(1− x3)mBs , 1/b1, 1/b3
}
,
tb = max
{√
x1x3mBs ,
√
x1mBs ,
√
|x1 − x2|mBs , 1/b1, 1/b3
}
, (A6)
where the energy scale
√
x2(1− x3)mBs and
√|x1 − x2|mBs come from the invariant mass of
the gluon l2 = x2(1− x3)m2Bs and l′2 = (x1 − x2)m2Bs . They are chosen as the maximum energy
scale appearing in each diagram to kill the large logarithmic radiative corrections.
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